We consider the universal sector of a d > 2 dimensional large-N strongly-interacting holographic CFT on a black hole spacetime background B. When our CFT d is coupled to dynamical Einstein-Hilbert gravity with Newton constant G d , the combined system can be shown to satisfy a version of the thermodynamic Generalized Second Law (GSL) at leading order in
Introduction
The thermodynamic properties of classical black holes and the thermal properties of Hawking radiation are well-established. Considered together, they are generally taken to indicate that much deeper relations of this sort remain true at the level of quantum gravity. They may also herald the appearance of new physical principles, yet to be understood.
The conjectured Generalized Second Law (GSL) [1, 2] lies between the classical and fully quantum extremes, stating
whereB is an evolving black hole spacetime of dimension d ≥ 3 with compactly-generated horizon, CB is a cut of its horizon, S QF T is the QFT entropy outside the black hole, G d is Newton's gravitational constant, and λ is any parameter that increases toward the future. One expects that this conjecture can be made precise in perturbative gravity, where one expands the gravitational field ofB around some classical black hole spacetime B in powers of the Planck length or, setting = 1, in powers of G d . For d = 2 Einstein gravity becomes trivial, but one can still formulate a GSL in dilaton gravity theories in which the dilaton field plays the role of the area [3] . It is natural to take the classical spacetime B to satisfy the null energy condition, so its horizon area is non-decreasing by the Hawking area theorem [4] . If it is increasing, then the O(G The result (1.1) then follows trivially; new effects can be relevant only when the area of the classical background B is constant. We therefore assume below that the horizon H B is generated by a Killing field ξ B of B, and we investigate the first quantum correction to (1.1) . This correction contributes to (1.1) at order zero in G d .
A GSL at this order was established in [5] for cases where the QFT outside the black hole is super-renormalizeable. While the result is expected to hold more generally, it is clear that such extensions will require new methods of proof; see e.g. [6] . In this work we consider the contrasting special case of a large N (and perhaps strongly coupled) holographic conformal field theory (CFT). I.e., before coupling the CFT d to gravity, the theory is dual to a bulk system involving asymptotically (locally) Anti-de Sitter (AlAdS) gravity in d + 1 spacetime dimensions. This bulk dual can then be used to study the properties of the CFT.
Our GSL will also differ in that we will use a coarse-grained notion of the entropy S QF T defined by the so-called causal holographic information ( [7] , see below), as opposed to the fine-grained (von Neumann) entropy used in [5] . In equilibrium this coarse-grained entropy is known to agree with the fine-grained one so, when our system evolves from one equilibrium state to another, our result implies that the final fine-grained generalized entropy
Area d−2 (CB) + S QF T must be at least as large as its initial value. We expect that a stronger result also holds which would forbid even local decreases of the fine-grained generalized entropy at finite intermediate times, though we save its investigation for future work. Such a fine-grained local GSL should be the most fundamental version, in that one expects it to imply our local coarse-grained GSL through the same argument that leads to the coarsegrained second law of thermodynamics for ordinary closed quantum systems (where unitarity guarantees the fine-grained von Neumann entropy to be independent of time); see e.g. the discussion in [8] .
Changes in the gravitational entropy
are easy to analyze at leading order in G d . If the perturbed systemB settles down at late times to a stationary black hole that is perturbatively close to the original B, then at leading order in G d the Raychaudhuri equation 1 shows the gravitational entropy on any cut of the horizon to be fully determined by the flux of stress energy across the horizon of B. The calculation is standard, appearing in derivations of the physical process first law such as [10, 11, 12, 13] . At this order one may associate any cut CB of the back-reacted spacetimeB with a cut C B of the unperturbed horizon C B . Since caustics do not form in perturbation theory, one merely tracks changes in the area along each generator to find
in terms of an affine parameter λ along H B (or equivalently at this order, along HB), the affinely parameterized tangents k α to its generators, and the volume element √ σ induced on C B . That the relation is 2nd order follows immediately from the 2nd order nature of the Rauchaudhuri equation.
It remains to study the changes in S QF T . Although we study a CFT coupled to gravity, up to contributions from linearized gravitons the leading behavior of S QF T is controlled by properties of the original CFT on the fixed spacetime background B. The former may be addressed separately as in [5] ; we will not mention them again and thus freely replace S QF T by S CF T below. We will show that changes in this quantity can be written in the form d dλ
where d dλ S CF T, non−dec ≥ 0, the term S CF T, adiabatic satisfies S total, adiabatic must vanish. Any change in S total is then given by d dλ S CF T, non−dec ≥ 0, so the GSL holds in the form (1.1). Establishing (1.3) will be the main focus of our work. As advertised, it involves only the holographic CFT on the fixed background B -a context in which the standard AdS/CFT machinery may be applied. This B then becomes the boundary of an asymptotically (locally) Anti-de Sitter spacetime having bulk Newton constant G d+1 that is dual to some particular CFT state. Since B is a black hole spacetime, the bulk geometry also contains a horizon H. The bulk horizon is non-compactly generated, with each cross-section extending to meet the conformal boundary at the horizon H B of B.
Below, we use a renormalized version of
times the area of certain cuts C of the bulk horizon H as our coarse-grained entropy S CF T for the CFT in the region B out ⊂ B outside the horizon H B . As explained in section 4, one may associate moments of time in B out with so-called causal information surfaces [7] which give the desired cuts C of H. Since the area of such surfaces is bounded below by the area of the extremal surfaces that seem to govern the fine-grained entropy 3 [7, 16] , it is natural to expect that
is a coarse-grained measure of CFT entropy; see [17, 18] for specific proposals of possible corresponding field theory coarse-graining procedures. We adopt this general point of view for the work below. Our proof that S CF T satisfies a GSL constitutes quantitative check on this idea.
The present paper will consider only the so-called universal sector of our large N (and perhaps strongly coupled) holographic d > 2 CFT d , in which the bulk dual is described by pure classical (d + 1)-dimensional Einstein-Hilbert gravity with a negative cosmological constant. The main argument is given in section 2, which for simplicity considers only Ricci-flat black hole backgrounds B. Section 3 then extends the result to allow arbitrary metrics on B consistent with the required Killing field, horizon, and the above-mentioned null energy condition. We postpone discussing the relation to causal holographic information until section 4, which also notes that the argument can be equally-well applied to a class of causal horizons somewhat broader than the simple notion of black hole used in earlier sections. We close in section 5 with a discussion of future directions and implications for AlAdS systems with fixed boundary metric g αβ .
Main argument
Consider a holographic CFT on a d ≥ 2 dimensional spacetime B with a bifurcate Killing horizon and an associated Killing field ξ B . A bifurcate Killing horizon consists of two components that intersect at the bifurcation surface; for simplicity we choose the future horizon and refer to it as H B in B. For now, we assume H B to be the event horizon for some region B out ⊂ B, which we refer to as being outside the horizon. We also require H B to be compactly generated. We will comment later in section 4 on various extensions.
We take our CFT to be a conformal field theory deformed by relevant operators. Since the theory is holographic, we may study it using a (d + 1)-dimensional asymptotically-locally Anti-de Sitter (AlAdS) spacetime with boundary B and appropriate boundary conditions on some set of bulk fields. While bulk theories dual to holographic CFTs typically also contain extra compact dimensions, Kaluza-Klein reduction of such theories allows one to formally write them in the above form by keeping the entire infinite tower of massive Kaluza-Klein modes.
The region B out of the conformal boundary also defines a bulk event horizon H which is not compactly generated since along each cross-section it must extend to the boundary B. We assume that our system equilibrates at late times in the sense that the bulk approximates a stationary solution outside H, with H approaching an associated Killing horizon. The null energy condition in the bulk means [19] that the intersection of H with the boundary coincides with the event horizon H B of B out in B; i.e., H B = H ∩ B. As mentioned in the introduction, we will use the area of a cut C of the bulk horizon H as a measure of coarse-grained CFT entropy in B out . We take this C to be sufficiently smooth at B in the conformally compactified AlAdS spacetime so that C B = C ∩ H B is a cut of H B . Since the second law concerns changes in entropy, we will compare the areas of various cuts C below.
In this section we take the Ricci tensor R αβ to vanish everywhere. Since we consider only the universal sector of our holographic CFT, the bulk dual takes the particularly simple Fefferman-Graham form [20] 
with [21] 
where . . . denote higher order terms in z; see [22] for a review of such expansions addressed to relativists. It is useful to decompose this metric according to
where the background partḠ
independent of z, and the deviation
We will also use the notation g AB dx A dx B := g αβ (z)dx α dx β and similarly for other tensors with boundary indices.
SinceḠ AB is fully determined by boundary conditions at B, from the bulk perspective it defines a non-dynamical background about which we may perturb. We will use the decomposition (2.3) only near the z = 0 boundary, so possible singularities at z = ∞ inḠ AB are of no concern. Note that the Killing field ξ B of g
αβ implies a corresponding Killing field ξ = ξ α B ∂ α ofḠ AB . The Killing horizonH ofξ may be defined by the equation
where x α B ranges over points in H B . We wish to study cuts C of the full event horizon H for which C ∩ B is a cut C B of H B . A first step is to show that they admit a useful notion of renormalized area. Since
for some smooth map x α B from C to C B . In particular, the action of any such map on the constant z slices of C defines a family of cuts C B (z) of H B . And since H B is a Killing horizon, all cuts C B (z) have the same area as H B itself. As a result, we have 10) where the O(z d ) corrections come both from δg AB and the error term in (2.9). 4 We may thus define a finite renormalized area by introducing the restrictions C z>z 0 of C to the region z > z 0 and writing
Note that this is the same expression that would be used to renormalize the area of an extremal surface in this spacetime; see e.g. [14, 15] . In fact, the area of C differs by only a finite amount from the area of an extremal surface anchored on C B . We also note that 4 Displacements δx = x α −x α B (p) along the cut just reparametrize the surface and can be ignored. Changes in the induced metric are then quadratic in the remaining normal displacements, so contributions from the error term in (2.9) are in fact suppressed by z 2d .
Cutoff surface B Figure 1 : Horizon generators can flow through our cutoff surface z = z 0 . If this behavior persists at arbitrarily small z 0 , it constitutes a flow through the boundary and there is an associated change of the renormalized coarse-grained entropy of our CFT d in B out . Our final result shows that this flux is directed outward so that Flux(C) as defined in the main text is negative at finite times.
the counterterm in (2.11) is fully determined by the boundary conditions and is completely independent of the choice of C. So for fixed boundary conditions we may treat all changes in the (unrenormalized) area of C as being finite as well. Here it is critical that H B is a Killing horizon (in some conformal frame). The general behavior of area-divergences for bulk causal horizons is much more complicated [17] .
As noted in section 1, our GSL will follow if we can establish (1.3). Using our coarsegrained entropy we have
for a certain cuts C intersecting the boundary on C B . The derivative
Area d−1 (C) can then be divided into two parts. The first is the rate at which area is created in the bulk as determined by both the local divergence of tangents to the generators of H and the rate at which generators are added to the horizon. Since we assume the CFT to reach equilibrium in the far future, the bulk must settle down to a stationary black hole. That the bulk area creation term is non-negative is then just the usual Hawking area theorem [4] . As a result, after multiplying by
we take this term to be the 
where we remind the reader that k α is an affinely parametrized generator of H B . We proceed by computing the flux though surfaces of constant z = z 0 and taking the limit z 0 → 0. We will make use of the tangents
x A to the generators of H andH and the (inward pointing) unit normal one-form n = z dz to the cut-off surfaces z = z 0 . We choose the affine parameter onH so thatŪ = k α ∂ α , and we take that on H to differ only by an amount first order in δG AB .
Note that Flux(C) = lim
where C| z=z 0 is the intersection of C with the surface z = z 0 and √ ω z 0 is the induced volume element on this surface. The volume element √ ω z 0 diverges as z 0 → 0, but we will show that U A n A vanishes fast enough that Flux(C) is finite. Since our goal is to establish (2.12) to leading order, and since √ ω z 0 is independent of λ, we may in fact study 14) where the . . . represent subleading terms. If desired, the actual value of U A n A may then be obtained by integrating over λ using the assumption of equilibrium in the far future (i.e., U A n A → 0 in the far future at each z).
We will see below that finite contributions to Flux(C) are first order in δG AB ; all higher contributions vanish as z 0 → 0. SinceŪ A n A = 0, we may thus neglect contributions to Flux(C) associated with differences in either the locations or the affine parameters of H andH. We may then replace
A , where ∇ A ,∇ A are the covariant derivatives defined respectively by G AB andḠ AB . In a slight abuse of notation, we simply write
Since the one-form n = z dz is independent of δG AB , to investigate
Let us begin with the first term on the right-hand side. Introducing the Christoffel symbolsΓ C AB of (2.4), we find
But U =Ū + δU is null with respect to G AB , so to linear order we have
which yields
In particular, since
√ σ+. . . , inserting (2.19) into (2.13) yields a finite result as desired. Since d > 2, (2.19) vanishes as z → 0, so higher order contributions are smaller and can be neglected. It is even of the form (2.14), though with a different coefficient.
To compute the second term on the right-hand side of (2.15), we study the first-order effect of δG AB on the geodesic equation shows that the first term in (2.20) is again (2.19) up to a factor of −1. And the second term is readily computed using
which follows immediately from (2.6) and (2.7). Adding up all of the contributions then verifies (2.14) as desired. This completes the proof of (1.1) for the simple case considered here.
Beyond Ricci flatness
The argument above was straightforward, but applied only to perturbations of Ricci-flat stationary spacetimes B. We now drop the Ricci-flat assumption, though we continue to focus on the universal sector of our holographic CFT d . As a result, the bulk theory in this section is again just pure (d + 1)-dimensional Einstein-Hilbert gravity with cosmological constant; no matter fields are allowed. In Fefferman-Graham coordinates, the bulk metric G AB remains of the form (2.1), though now with the expansion [21] g αβ (z) = g
The g (n)
αβ for n > 0 are rank 2 symmetric tensors with scaling dimension n (counting powers of inverse length) constructed locally from g 
where R αβ , R are respectively the Ricci tensor and scalar of g
αβ .
We wish to generalize the argument of section 2 to deal with the additional termsḡ αβ on B, it is natural to include them in the background metricḠ AB , replacing (2.5) with the finite sum
As a result, we again have the decomposition (2.3) with δG AB given by (2.6) and (2.7) and whereḠ AB again has an exact symmetry generated by the Killing fieldξ = k α ∂ α . A key observation is that the corresponding bulk horizon remains a Killing horizon generated byξ. To see this, defineH to be the lift of H B to the bulk via (2.8). It suffices to show thatH is a null surface with null tangentξ; i.e., that every vector tangent toH is orthogonal toξ. This ensures thatH is a Killing horizon, and in fact the bulk event horizon defined byḠ AB .
We argue as follows. Any vector v tangent toH is of the form v = a∂ z + v αβ ξ β B is invariant under the isometry generated by ξ B and thus constant over each generator ofH to either the future or past of the bifurcation surface. It also vanishes at the bifurcation surface itself, where ξ B = 0. Since our quantity is continuous, it must thus vanish on all ofH. So k α g (n)
αβ ξ β B vanishes onH as well, where we have again used continuity to reach this conclusion at the bifurcation surface.
The argument for the remaining components of (3.4) can be stated in an identical form. To do so, we complete a basis for the tangent space at each point inH using vector fields Lie-dragged by k = d dλ along each generator from the bifurcation surface. Since B satisfies the null energy condition, H B satisfies the zeroeth law of horizon mechanics (see e.g. [23] ) and has constant surface gravity κ. This allows us to write ξ B = κλ d dλ
, showing that the above vector fields are Lie-derived by ξ B as well k and so define the desired invariants. We conclude thatH is a null surface with generators proportional toξ, and thusa Killing horizon as claimed above. In particular,Ū = k α ∂ α again gives an affinely-parametrized set of tangents to these generators. We expect a similar result to hold even for non-bifurcate horizons; see e.g. [24] for a discussion of terms that do not involve derivatives of the Riemann tensor.
We may now follow the general outline of the argument in section 2. As before, we begin by discussing possible divergences associated with the area of our cut C. Contributions from δG AB are finite, so we focus onḠ AB . The new terms inḠ AB at order d − 2 and below contribute additional divergences to (2.11), but these may be canceled by the standard counter-terms (locally constructed from g (0)
αβ alone) used to renormalize the area of an extremal surface. Indeed, the Killing symmetry of our background requires these counterterms to take the same values for all cuts C, including the case where C is the extremal surface that forms the bifurcation surface of H B . So for fixed boundary conditions changes in Area d−1 (C) are again finite and coincide with changes in Area ren (C).
As in section 2, we now rely on the bulk Hawking area theorem to identify d dλ S CF T, non−dec with the rate at which bulk area is produced. It then remains to generalize the argument for (2.14). Equations (2.15) These corrections are all proportional to 5) and similarly forḡ (d) . By (3.4), the terms (3.5) depend only on the part of δU A both transverse to H B and parallel to some constant z surface, which we characterize by δU
. Indeed, introducing a future-pointing null vector field l α on B that satisfies
αβ = −1 one may write
where δU α H B is tangent to H B at each z. Our previous results (2.18) and (2.19) then require δU k = O(z d ) so that (3.5) vanishes at least as z d+n−2 . Since n ≥ 2, such behavior is subleading relative to the O(z d−2 ) terms displayed in (2.19) and (2.14) and so gives no contribution to (2.13). We may thus continue to identify 
Relation to Causal Holographic Information
We now explain the relation of our construction to causal holographic information [7] . Along the way, we explain the sense in which our result can be generalized to an arbitrary Killing horizon H B of B.
As noted above, we consider an asymptotically locally AdS d+1 bulk spacetime M with a choice of conformal frame for which the boundary spacetime B contains a compactlygenerated future Killing horizon H B ; this means that the space of null generators for H B is a compact manifold without boundary. We require B to be connected, and also suppose that there is a closed connected region B out ⊂ B for which 1. B out contains the past of H B in B.
2. B out is invariant under diffeomorphisms generated by the Killing field ξ B that generates H B .
3. H B lies in the boundary of the past of B out .
We will call B out the outside of H B ; since it is closed, this set contains H B . Below, we consider cross sections C B of H B given by compact submanifolds (without boundary) of H B which intersect each generator once. In general, the boundary of the past of B out in B may be disconnected. In this case H B need not contain all such components. For example, when B is a conformal compactification of the asymptotically flat Schwarzschild black hole and B out , we may take H B to be the usual black hole horizon without including null infinity. Motivated by this example, we use the notation I + (B out ) to denote the collection of connected components not in H B ; i.e., H B ∩ I + (B out ) = ∅ and H B ∪ I + (B out ) denotes the full boundary of the past in B. This I + (B out ) may be null (as when the CFT lives on an asymptotically flat black hole spacetime), timelike, spacelike, of mixed type, or empty.
The region B out also defines a bulk event horizon H ⊂ M . We take H to include the full boundary of the past of B out lying in the interior of M . Since it will be convenient to think of H as intersecting the boundary, we in fact define H to be the closure of the above set in the given conformal compactification. Then H ∩ B = H B ∪ I + (B out ). Recall that, since the bulk metric is dynamical, this bulk H will not generally be a Killing horizon.
We wish to interpret the areas of certain cross-sections of H as computing a timedependent coarse-grained entropy in the dual CFT. To explain this further, recall that a covariant notion of "moment of time" in B out is naturally defined by a future-Cauchy surface Σ B of B out . By this we mean an closed achronal surface for which all points of B out to its future lie in its domain of dependence (aka causal development) D(Σ B ) within B out . Note that for later use we take D(Σ B ) ⊂ B out by definition, though for the present purpose we could just as well have discussed the domain of dependence of Σ B within the entire boundary spacetime B. We will also require that all points of B out lie either to the future, to the past, or on the surface Σ B . We will then say that Σ B is a complete moment of time in B out .
Any boundaries of Σ B must lie in H B ∪ I + (B out ). In particular, the intersection Σ B ∩ H B is a cross-section C B of H. We consider time evolutions that keep fixed any intersection of ∂Σ with I + (B out ); we should take H B to include any components along which ∂Σ is to be moved 5 . The moment of time Σ B in B out can also be used to specify a cross-section C of the bulk horizon H by constructing the so-called causal information surface [7] 6 . Consider the above domain of dependence D(Σ B ) (defined by inclusion of Σ B in B out ), and the past and future causal horizons defined by D(Σ B ) in the bulk spacetime M . Let C be the intersection of these horizons. Since Σ B is a complete moment of time in B out , the past of D(Σ B ) coincides with the past of B out and this bulk future horizon coincides with H. Thus C ⊂ H. We leave open the question of whether C is in any sense a complete cross section, though it will tend to be so in typical applications. This C is precisely the causal information surface of [7] associated with Σ B by taking B out to be the boundary spacetime.
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Recall [7, 5] that the area of C is at least as large as that of the extremal surface identified as computing the von Neumann entropy of the CFT in D(Σ B ) by the HRT proposal [25] . to be some coarse-grained measure of CFT entropy at the moment of time Σ B ; see [17, 18] for specific proposals. The fact that C depends on the choice of B out as well as Σ B indicates that the coarse-graining is specified by the full D(Σ B ) and is not specified locally at Σ B ; this is explicitly the case for the proposal of [18] .
Discussion
We have shown for d > 2 that coupling the universal sector of a holographic CFT d to dynamical gravity leads to a coarse-grained thermodynamic generalized second law (1.1) at first order in G d about a background satisfying the null energy condition and having a bifurcate Killing horizon 9 . The coarse-grained entropy of our holographic CFT d was defined using the causal holographic information (CHI) of [25] . Since in equilibrium CHI coincides with holographic HRT (and Ryu-Takayanagi) entropy, our result implies that for processes both beginning and ending in equilibrium the change in fine-grained generalized entropy defined by HRT/RT entropy is non-negative as well. But studying the validity of a local GSL for fine-grained HRT entropy remains a task for future work.
An interesting point is that, in our context, the divergences of CHI agree precisely with those of the HRT entropy. So they can both be renormalized by including the same counterterms, and the difference between them is finite. This is related to the well-known fact that causal holographic information and HRT coincide at the bifurcation surface of a bulk Killing horizon. We have simply identified a useful generalization to arbitrary bulk solutions for which the conformal boundary B admits a (conformal) Killing horizon H B , so that the asymptotic behavior of both HRT and CHI surfaces near the AlAdS boundary is the same as in the case of an exact bulk symmetry. This is in sharp contrast with the general situation, in which CHI is infinitely larger than the fine-grained HRT entropy [25, 7] and, moroever, the divergence is non-local [17] .
Phrased in the form (1.1), the GSL concerns the effects of coupling a CFT to dynamical gravity. But (1.3) and (1.4) involve only the field theory in a fixed black hole background. So one expects the GSL to have implications even for the fixed-background CFT obtained in the limit G d → 0. The entropy of our d-dimensional black hole diverges in this limit, and for many purposes it then simply provides an infinite heat bath for the CFT. In standard thermodynamic settings, applying the second law to a system interacting with a large heat bath tells us that the free energy will not decrease. A corresponding result can be derived here when the stress-energy flux T αβ k α k β on H B vanishes sufficiently rapidly in the far past and future. So long as the initial and final states of the black hole are perturbatively close, the so-called physical process first law states that the total change in the gravitational entropy term of (1.1) is the black-hole temperature T times the total change ∆EB in the energy of the black hole up to the usual work term ΩJ associated with the black hole's angular velocity Ω. (The universal sector studied here carries no charge, so no charge transport term Φ∆Q can appear.) Conservation of energy and (1.1) then require
This result can also be derived directly from (1.3), (1.4) by following the steps in the argument for the physical-process first law. In particular, the Ω∆J term arises as usual from the difference between the horizon-generating and time-translation Killing fields. In the form (5.1), our result is a second law for the open system defined by the holographic CFT interacting with a heat bath, or equivalently by the non-compact horizon in the AlAdS bulk. In particular, as suggested in [26] it constrains the behavior of the so-called black funnels and black droplets reviewed in that reference. It is interesting to generalize our argument so that it also applies to the solutions called detuned droplets and funnels in [27, 26] (also discussed earlier in [28] ). Simple examples of such solutions turn out to be given by the hyperbolic black holes of [29, 30, 31] , which were called topological black holes in those references. These smooth bulk spacetimes admit a conformal boundary B with smooth metric g (0) αβ having a Killing horizon H B with surface gravity κ B . There is also a corresponding bulk Killing horizonH having its own surface gravity κ. The parameters κ and κ B can be chosen independently, so that generically κ = κ B . This discrepancy is the detuning mentioned above. In a dual CFT, such solutions describe a state of the field theory at temperature T on a black hole background with surface gravity κ B = 2πT . Such states are singular on H B and, as a result, the conformally compactified bulk fails to be smooth at the conformal boundary. While it admits a Fefferman-Graham expansion of the form (3.1) at orders z n with n < d, and while the expansion continues to all orders away from H B , the order z d term that would define the boundary stress tensor diverges at H B .
Bulk solutions that approach those discussed above near H B describe more general states of the dual CFT subject to similar thermal boundary detuned conditions at H B . For such cases, despite the singularity at H B , the essential elements of our arguments from sections 2 and 3 nevertheless go through. One simply uses the relevant unperturbed hyperbolic black hole bulk solution as the backgroundḠ AB . The boundary stress tensorT αβ for this background is now non-zero and in fact divergent on the horizon, but hasT αβ k α k β = 0. So as long as the contributions δT αβ of δG AB to the boundary stress tensor are finite, taking the limit as one approaches H B from B out again yields (2.14). While it makes no sense to couple such singular holographic CFT states to dynamical gravity, it nevertheless follows as in (5.1) that equilibrium to equilibrium processes cannot increase the free energy of our system. Note that the relevant temperature in (5.1) is defined by the surface gravity of the bulk horizon ofḠ AB , so T = There are also many possible further extensions of our results. Using [32] one may readily include perturbative contributions from bulk higher derivative terms -corresponding either to 1/N effects or, in some cases, corrections to the strong coupling limit -as well as the case where the holographic CFT d to couples to higher derivative gravity. We also expect to be able to allow non-compactly generated horizons H B , or cases where B itself has a timelike boundary. In these situations a GSL should follow from suitable choices of boundary conditions, in the latter case using the approach of either [33] or [34] .
One should also discuss more general CFTs. Even restricting to those that can be studied holographically, we have thus far considered only the universal sector. But a forthcoming work [35] will move beyond this to address general (large N strongly coupled) holographic theories. This analysis will in particular include effects from new dynamical divergences in the HRT entropy which depend on expectation values of dynamical operators and thus are not fully determined by sources. Despite previous claims to the contrary [36] , it turns out that such dynamical divergences arise generically in sufficiently complicated holographic models.
